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I_/_IACE COEFFICIE}._ A_D THEE_ NEWCOMB DERI-FATIVES i

by

Imra q. izsak 2

%_e computation of the Laplace coefficients and their Newcomb deriv-

atives, _.__ichplay such an i_portant :-_.lein the literal de _!opment of

the piar/etary disturbing function, is an elaborate task in _._merical anal-

ysis. Azlt-._pating our future needs, we thought it advlsabl( to construct

an IBM.7090 computer progr%m for tile evaiuat!on of the_, traascendental

function_. "This report describes the adopted computa_ionai procedure,

with the derivation of the basic equations and graphs, cbtabued on an EAI

data-plotter_ that illustrate the behavior of the fun ct_ona in question.

The Laplace cc_fii_en_s b _) %re defined here as the coefficients

in the Fourier exps/Lslon of the generating function

s-_" (I-2_ co._,,* + 2) "_
t

k=l

on the left side of this equation the symbol s means an exponent, but on

the rlgl_t side, just an upper index; the range of the argament _ is sup-

posed to be. 0 < _ < 1. According to this definition,

bk(_) d -½
. (I-_ cos_' �a2)'s- cos k_ de for k = 0,i,2,... (2)

Alter_atively, one writes the expanglon (I) in the complex form.

With the notations _ = exp i¥, bS.k_'a) = b_(_) _nd

f I - 2 _ cos_ _ _ i + _ - _ _ • ) - _,- _)(l - _Cl)

= -- S k

-- _--_is work was supported in part by Grant N6. NsG 87-60 from the
National Aeronautics and Sp_ce Administration. -4

2_ad, Research and A_alysis Diwlsio_, Smithsonism Astrophysical

Observatory, Cambrii@e, M_ssachusetts.
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In the special case of circular and coplanar planetary orbits one
needs the Laplace coefficients with s = 1/2 only. If the orbits are cir-
cular but not coplanar, one can ch(.ose,among other _hlngs, to develop
the Fourier coefficients of the distua-bingfuzz+_on into powers of

= sin_ - , in which case Laplace coefficients with s = 1/2, 3/2, 5/2 ...

2J
ar_ _eeded; or to develop them into p,._.rsof the two varlab._J_s_ = cos -

2
J

and D = _ _ , in which case one _-_esTisserand polynomials and Laplace

coefficients with s = i/2 only. Both m_thods w_re considered by Leverrier.
The firs_ is more convenient if the mutual inclination j of the orbits is
small, the second holds for all inclinations.

Mor_ involved is the development of the Fourier coefficients of the
disturbing function into powers of.the orbital eccentricities. In order
to accomplish this deve]opment, one needs the Newcomb derivatives

DJbk(_ ) ":"
-.2

_k

of the Laplace coefflcients. The differential operator D is defin-d _s ;_

D - t ,tfore=ple D2 -- +  2d2!d2. -7

It is w_ll known that the Laplace coefficients are representable by
hypcrgeometric series, as

(s)

1.2 .k• . A_D I *_r_.*.!

The dmrivatlws of the Laplace coefficients in turn can be expressed as

linear combinations of hypergeometrlc series. For s_mll values of the
argument e, for _< O.1 say, _he evaluation of these series does not have.
to be considered an impractical process, especially if one applies certain

con?mrgemme-imp_o_Img tramsformatlc_as. For lar_r values of the argument,
_.ver, the computation of Laplace coefficients is much better achieved
by the use of Vroperly chosen rec_irrence relations. Such a method is
described in the following.

First of all, Iumes (1909, 1910) has observed that the Laplace coef-
ficients and their derivatives _elonglng to the index s+l can be easily
obtained from those belonging to the index s. Therefore we arm concerned
with the special ca_e s _ i/2 only, where _e omit this index altogether.
Then the functions to be computed are up to a certain order.

-2-
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bo , Dbo , DZoo, ... , DJbo

bI , Db I , D2bl , --- , DJb I

b2 , Ob2 , D_ 2 , ... , DJb2
• • •

• g

bE , DbK , D_ K , ... , DJbK

The first column in this scheme we compute by using a transformation of
the argument _ proposed by Andoyer (1.923);it is similar tc the Landen
transformation in tae theory of elliptic integrals. To obtain the first
row we compute, by essent _ _ly the same tran_formation,'a set of h__ _r-
geometric functions that _a turn determine the values of the

D_ for j = 1,2,...,J. Following Ym_es (1910), the second column isO

derived by the help of a simple recurrence ,_lation, and the second row
is determined by the elements in the first one. As to the rest of the
_cheme, we are th_n all set t_ apply a recurrence relatlo_ of Innes (19_D9)
that is admirably well suited for the computation of big.h-orderderivatives
of the Laplace c._mfficients. Let us give a short proof of the eq,_tion8
on which this recursive prccess is based.

i. Any hypergeometric function F(a,b,clz) with £c(c) > _e(b) > 0 and
IzI< 1 is represented by the integral

r(c) i b _l(l-u)c'b-i(l-zu)-adu (4)
F(a,b,clz) = F(b) F(c-b)

(Whittaker and Watson: 1958). Application of this t'ormulato the Laplace
coefficients (3) be]o_i_ to the index s = 1/2 gives

In the las_ integraz_ the function um_er the squar_-r_ct sign aa_ be
written as

2 I-2_1 cos 2* �:P
I-_2 c_ * "

.%

"B"
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with the substitution

=1+--g_' _a-- ; (5)

the Fourier expansion of the numerator is

c°s2k_ = 4"_ + 2"h_ _-h

Therefore, recalling the definition (2), we see that the Laplace coeffl-

cieT_tswith argument _ can be expressed by those with argument e1 as

k

bk(_ ) :_k (l+_l) /_ Ckhbh(_l ) _ (6)
h=O

Cko = 4-k and Ckh = 2.4 for h = 1,2, ,..,k
where o

2. Consider the f_mctloms

_ = [I/2] _F(I/2+_,I/2+_, L+I ,_) , (_ =0,1,...,J).

(i)

Because the derivative of any hypergeometric function with respect to
its argument is

d___F(e,b,clz) m a___bF(a+l,b+l,c+llz)dz c

the flret Newcomb derivative .ofthe functions 8_ appears in the form

I DJ,, =2' DJ'I,_ + (2_+I)DJ-18_ è�i.(8)
Im general,

i

_o
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Thus if the functions

bo = 8o' _i" "'" ' 8J-2' _J-l' 8j

were known, we could easily obtain the functions

UUo -W_'o' _"i' "'" ' _'"J-2' -'J-1 '

then t"-_.functions

= D2_o , D2_I , 26D-De .-- , D j.2 ,

.andfi_',aily DJb "= DJSo = DJ-I_,.C_ J.

But the comput,%ticn,ot the fuuctions _£ with ar_nt ._is at once reduced

to that of the 1_nc_lon_ bh with afg4me,t _l as follows:

Apply ,.hetr_nsformat:on

F(a.,b,cIz) = <l-z)C'a'bF(c-a,c-b;e I_)

of hy_mrgeometric _u_ctions to definition (7), and taen us_ tb_ inte_al
represen_atlon (4) :

[ _-/2]2" " °

_ " sin21_ d_ .

_2L £ o_<_._)"_(1-_q)'_d__l-J_'__<!-_)_ O "-
0

T_heFourier expansion of the aumerator in the last integral9 is

°' (x!h--'!

the_fo_ ¢._the abo_ transformslion of the a_gum_nt _ _ L;._

Is_(,_)-A_(_+ai)_ (-1)_C_b,,(_*l), ',_1

_ A -_(_-_)'_.
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If e1 is not small enough for an easy evaluation of the f_metlons

b_(_l),,-c_ rep,att_,tr_fo_tion (5)bymtro_uclngthe_u_t
k

eI " 2 v-,

=,__--_-_|, so that bk(al) = wk% i (i +_2) 2_%_bh(_)
h=O

The convergence of the null-sequence _, _i' _2: "" i_ very fast indeed.

For Instance, if a = 0.99, then el = o.75274,_ --o.2o6o5,_ = 0.o1o85,

% = o.o,_o3, .

and a2 = 0.9801, = 0.56663, * 0._,>0, < = O.(._Y_12, ...

It is expedient to observe tha% the computation of a more general class
of hypergeometric fanctions, namely that of

F(I/_ * ,,z/2-,_ .z_ .__+l I:2) ,

can be reduced to the evaluation of the L_pl_ce coefficients bh with the
argument e1.

3- Now w_ turn our attention to th? recurr_._Jcerelations of Ynaes;
dolug so, we again consider Laplace eoeffielentz belonging to the genere.i
Index s. In addition to the dlffez_ntial opera,tot D = _8/_ it will _
convenient to u_ the operator d = _3/_ = -i8/8_.

Simpl_ rules of differentiation are

O

_:- -_._-C_) a_T= - _(_+C_)

Df = 9aR - 0_¢+_'I) =_f . (i-_) D2f = 4_ - _C +[-I) ;

no_e that [Df]2 [d.f]2,,_gf s_l D2f - d2f = 4_ 2

AS to the d.erlvatlves of t_e function f"¢, _ have

_jr-_ ,_.,,.-_-idf: se(r._-l) f-s-i

d2f "s = _(l+s) f's'2[df]2 - sf's'ld2f

1964000528-012



note that {D.+d }f-s = 2s(Y_(l-.c*_"I) _'_'i (iO)

[D-d} f-s = 2s_-l(l__) f-s-I (ll)

and

{Z2 _ d2j f-s = bs2a,2 f-s-: ':2)

S

substltuting the series _D

and its derivatives into combinations of these eqaation_ ar.dcomparing the

corresponding coeff]cients of _k. _pplication of the differential operator

D J to any function of the form ar _(_) obviously results In

DJ[_ t(_)]= g{D+_}j _(_) (13)

Ellml_atin6 f-s-i between equation (IO) and the identity

f-_= (:._¢)(l-_Cl) f-_-_,

we get {m+d}f-s = _{D+d+2_}f's ,

that is T {D-s+i/2+k] bkCk 7 {D+ -i/2"_k} "s .k

T*.usfor s = 1/2

I {D+<] bk "_qD+k} bk_!l (i_)

W_Itzmg -k for k I% thls equation and rememherln_ that by 4ef/n_tica

b.k " bk, w_ have

[D-_}b_ -_[D-k}_k |&In the s_ecial case k = 0 this becomes Db] = @-I Dbo, _ accord_n@ to

rule (13;there :_sult:_

I D'I =_'l{D'l}J'_bo I (15)

-7-
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4. Combination of equ_tlous (i]) and (12) gives

{D2 + 2s(D.d)_d2} f-s = 4e2_-If-s-i ,

from which there follows

r

[ s =_s,l 1 (161' {_2 s*l/e)(k+_-a/2I_k' :.:-! " i

This most remarkable recurrence re.latioa permits us to compute the
Laplace coefficients and their Newcomb _rivatives belor_i_ to the index
s¢ 1 from those belonging to the index s o_iththe greatest ease_.

S S

Writing -k-2 fo_-k in equation (16) and using the relation b k = bkwe also have

-s =_ %,s_i (_7){DC+D -(k-s �3/2)(k-_+5/2)ink+ 2 _s ,.k+1

Comparison of equations (16) sad (17) yields a relation among functions
belonging to the same index s, which for s = 1/2 becomes

{D2 ¼i)_]%- [D2 �´�(k �1)(k`�$�`,

or what is the same thing,

{D2 +D- k(k-l)_bk = [D2+D - (k-l)(k-2)] bk.2

This eq,_tion, like equation (16) does not contain the argument u explicit-
ly; _herefo1_ for derivatives of amy order, w_ can _iately #rite

_[DJ+DJ'l-k(k-l)D'J'2}bk = {DJ.DJ'l-(k.l)(k.2)DJ'2}bk_,C.l (18)

Equatic_ (6), (9), (8), (15), (14%, (18) -o and (16) --solve tb_
problem of computAng the Laplace coefficients and their Newcomb derivatives
in a ver_ efficient way.

_a
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The figures on the following pages Bhow the behavior of the functions

D_ k in the i_'erval 0.i _ e g 0.9_ for k : 0,i_..._ 16 ami J --0,i,...,12.

The scale on +.bevertical axls is logarithmic.
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A COMI_ PROGRAM FGR TEE E_ALUATION OF i_PLACE CO_iCIENTS
I

AND THE'D_NEWCO_B Dm_F4ATIVES

The program to compute the Laplace cr_effici_ntsbk(_) and thei_-

_ewa_mb d_rivatlves DJbk(_ ) by the method described in the l_cedJ_

paper of I. G. Izsak was written for an IBM-7OgO digital computer in
Fortr_ II using double p_clsiom arithmetic. The index s has been

omitted since the program in its present form computes th_ Laplace coef-
ficients only for s = _ . It will calculate the array on the _o_ _f pa_
3 for any argument @ in the interval 0 < _ < i end up to any index K _ J2
and any order J • 12 of the deriv_ttv_s.

The program ha_ t_seform of a subroutine and must _ called by t_e

user's program. The three input parameters, vlz. the.argument _p the
maximum req.tlredindex K and the maximum order of the derivatives J have

to be supplies to the subroatlmm through th_ common area. An optional
output routine is availabl, that tabulates the ft_ctions for any given
set of argumsmts. A sample of this output is prLuted in the Appendix.
This output eubro,_tlnealso i_ called from the user's program. The m_thod
according to _hich the pro@ram computes the array on pa_ 3 is'described
in th_ fol!owi_.

First the coefficients Ckh which are defi_$d oa p. _ of the _ecedlag

_per are computed up to order max {K,J} and stored. T_ir COm m_atlo_l
scheme Is similar to that of a Pascal triangle. If the program is r
entered ulth • new argument, _ cb_ck is made to see If _he trl_ula

e_ray of the C_h ham Been _v_loped f,_renough for the _w cs_. if .

the cmlcul_tlon of tbm Ckh is bYl_sed.

l_is _,_rk_ supported by Grma_ No. N_G 87.-60from the _atloesl
Amronau+,ic_a_i Space Administration.

2prc_rmr, Co_atioms Divisloa, Smithsoalan Astrophy_1,_al
_rvatory, Cambri_, Mam__tta,
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ll,xtwe reduce the argument by the transformatlon (5) and co_put_

the 7_Jaersof eI until --_ibecomes s_a,iLer than 10"16 _ reduc_.darg_-

mentcrI and it_ ascemiln_ pcr,_rs are stored In the second column of a
rectaa6_d2_ array of 3_,rows and 13 colunms in which all the Intermedlate
resu]ts of the cunput_t.on w111 be stored and whlcb at the_e_._of the

prog;_ wlll contain ti_ array of p. 3- _,e argent eI i_ again reduced

by tt_ same tran_.formatlonto _2' and _2 and i_s powers are stored _n the
third column cf the saTay. We go on is this fashion _ntll the argument is
so _mall that its column comtains not _Jrm th_a rotorelements. Now we

_I by ta_Ing _he first c.me or two term_ of the p_rtainlng hyper_eometrlc

series, i.e.
I

b2( =;.
%

+%( )]

and eto_ these in the sixth column _f_r the column in which _I Is s.or_d.

Back tr_emlng sow _ ccapute the bk(__l)_ from the bk(_i) with formula (6)
earlstorm t_ results ea:/_ti_ o_e col,_-_ -_ the left. _oln4 this (I-i)-

tlm_s we end u_,_th the bk(el) in the ei_ht_ column. From the b_(e I) we
now ec:.putat_,.-_£(_) with formula (9) and storm th_ results _n the first

columu. We form the mlternatlm_ sum in fo._mula (9) by subtracting from

the pro,duct Ck_bh(Ul) at each step the partial sum formed at the previous
step _Sd tak_ the _b_,_lutemsl_ of the final sum since the _'£ are
al_ays positive. The_ the D_ a%_ comp_%ed from the _£ w_th for_ula (8)
ainustored in the _ecomd column. Now we go u_ek to .he first cc?.u_ and

eo_ the Lm_l_ce ¢cefflcle_ta b_) from the bk(_l) which are _tlll in

th_ ei@h_eolusm wlt__ formula (6) and store t_e rmsul_ L- tl_e first eoluma.

81Q_-tln_s@aln fr_ *_hesecomd :_lumm _ rms_ the computation of *he

trlsa_t,/armrTmy of the DJ_£ with furmula (8) working to the risht and up-

wm.-_Ls,This @lwml u_ %he f_rs_ row of our flnal_L_ray since DJb° = DJ8°

The ee_ row of tm_ final array, i.e. _he D_bI are _IcullLted wlth

fctm_tbl(15) from the first row. Actually, we u_e fonma/a (15) In th_ form

J-I

m_)
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Developing th, binomial coefficients as _. go along, we mu_tlply at each _te;

Dm �P�„�|,u,(J-1)°&s-d subtrac_ the partlal sum fo-med _ ��|j_rev!ous

step, setting the final Bum positive as b_fore. Dlv_.sion b'd _ the.r:_ive_

D% I. The elements of the second column, the Db_, %_ f'nd _Itb fcrmula

(i_) from the first column and the eleme-t of the second coluam that w8_

computed in _ach [revlous ste[,. Yi_lly a!l remaining derivatives in t_m

array are obtained column by column with the aid of formula (18).

The prosr_m was used to produce tables of the Laplace cceff' _.lents

= 0.1(O.01)0.9. The _chi_e tis_ for this _ was 3 0 mlsut_s. To

achieve the best poBslb!e accuracy the deci_l to binary conversion of

the argument _ sho,_Id be don_ in double [_ci_lon.

The results were also plotted on aa EAI lata-plotter, molel 3033]3.

For each k two logarithmic graphs were made with the arE_nt__ "-e absclssae

add the logarlth_ of the functl_aal v_iues _s ordinates. O_e plot con-

_ains the L_place coeff_clents aud the first six derivatives add the other

the last six derivatives. _ 7090 program that produced the punched card

input (ca. 20,000 cards) for the dasa-plotter, scaled _he ordlr.:.tessod

sdJustad the log;_rith_Ic scale for each plot separately, q%_e graphs are

glve.n o_ pp. 12-_

To get am l_ea of the _.fflclency of the meth(_l and the accuracy of

tLe result5 _e have run the sa_ program in single precision arithmetic.

Furthermore w_ ha_ wTittmm a _rogram that computes tDm Laplace coeffi-

cients and their derivatives straightforward by the summation of hyper-
g+-ometr_c series.

The single precision prod-am tc_ 1.9 minutes for the 61 arguments

_hile the mach2_e time to com;_te tables for nine arguments, vlz.

@ = 0.1(0.I)0.9 with t_ double precision hyper_eometrlc series pTcgrem

was 3.5 minutes. The a_ra_se computation time with hyperg_<_metr_c eeri_s

therefore i_ approximately ten times longer. Compezison _f the rmsults

of these prc_ama cam be evaluated ss follow_.

In the program that ig de-_crlbed above mo loss of accuracy to speak

of occurs in _ first %w_ columms _ r_ws of the sc_m_ on the 'top of

P- 3. Begia'_i_g with the third col,_m_ and third row that is with the use

of the recurrence reTatio_ (i8) one does loose acc_,_acy in the ser_se that

the la_.,tdigits of the primula f'_tla_ point num,_rs become, gradually

me.aaimgLess; the smaller '_be argument @ the fas'_r this harms. This

is a perfectly nattr-'a_ez_! harmless _.,_m_nom :elated to the fa_t, that

for stall values cf - v_ fuacticma D_b k decrease ra_idly u _- Inc_e.ues.
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In the 8ingle precision _r_lan of the Vtogram the fourth digit of the

printed floating point mumber becomes meaningless _th the value o£ the

index k foz which bk < 2 x lO "8. Ome will haruly ever go so far in the

development of a planetary disturbing fumcti_n. In the double pzecisiou

!O'16verr_ion thi_ limit is _ x . OD _he other hand, the double pre.c[slon

%_rslon gives the results wlhh a _&xlmum error of two units In the elMhth

place as long as bk > 2 x 10 "12. Tae value of the index J seems irrelevant

to the accuracy 9f the computed values for the functlone D'_ k. For large

vi_lues of the armlme.nt _ the _.;comb derIvatlves of the Lsplace coefficients

lacrea-e very rupidly with the index j as shown by the figures on pp. 12-_5.

In a practical a_pl!cat!on, however, th_e f,u_ctlon8 sre dlvlded by !ar_

_mbe.rs and mtultlplied with at least the J-th pcn__r of the orbital eccen-

trlcity.

The program uses 5,356 memory loc_tions D!US sa ezlditionai 268

locations for the output routine.

-20-
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AFper_lix

A r_rint-.-utsm_ie. 'fae "._lue _ = 0.5250{_3L :ertains to the satellites

Titan _ H$_wericn tf Saturn. F_r _ cc _._r,_.._az.......see the table on p 6_2

__f the reference inr_z (it/09). In the Fresent &L-finition bk is half _s
l_rge as in that adcpte_ by [nnes,
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